Introduction {#Sec1}
============

Tournaments play an important role in numerous situations as a means of representing entities and a dominance relationship between them. For instance, both the outcome of a round-robin sports competition and the majority relation of voters in an election can be represented by a tournament. A question that occurs frequently is therefore the following: given a tournament, how can we choose the "best" alternatives in a consistent manner? This question has been addressed by a rich and beautiful literature on tournament solutions, which have found applications in areas ranging from sports competitions (Ushakov [@CR29]) to multi-criteria decision analysis (Arrow and Raynaud [@CR2]; Bouyssou [@CR4]) to biology (Schjelderup-Ebbe [@CR25]; Landau [@CR15]; Slater [@CR28]; Allesina and Levine [@CR1]). Over the past half century several tournament solutions have been proposed, two of the oldest and best-known of which are the *top cycle* (Good [@CR12]; Schwartz [@CR26]; Miller [@CR19]) and the *uncovered set* (Miller [@CR20]).[1](#Fn1){ref-type="fn"}

Given that the purpose of tournament solutions is to discriminate the "best" alternatives from the remaining ones, it perhaps comes as a surprise that many common tournament solutions---including the top cycle, the uncovered set, the Banks set, and the minimal covering set---select all alternatives with high probability in a large random tournament (Fey [@CR9]; Scott and Fey [@CR27]). Put differently, the aforementioned tournament solutions almost never exclude any alternative in a tournament chosen at random. Nevertheless, these results are based on the *uniform random model*, in which all tournaments are drawn with equal probability, or equivalently each edge is oriented in one direction or the other with equal probability independently of other edges. For a large majority of applications of tournaments, one would not expect that this assumption holds. Indeed, stronger teams are likely to beat weaker teams in a sports competition, and candidates with a large base of support have a higher chance of winning an election. Moreover, real-world tournaments often exhibit a certain degree of transitivity: If alternatives *a*, *b*, and *c* are such that *a* dominates *b* and *b* dominates *c*, then it is more likely that *a* dominates *c* than the other way around.

A more general model of random tournaments is the *Condorcet random model*, previously considered by Frank ([@CR11]), Łuczak et al. ([@CR17]), Vassilevska Williams ([@CR30]) and Kim et al. ([@CR14]). In this model, there is a linear order of alternatives, which can be interpreted as an ordering of the alternatives from strongest to weakest. For each pair of alternatives, the probability that the edge is oriented from the alternative that occurs later in the linear order to the alternative that occurs earlier in the linear order is *p*, independently of other pairs of alternatives.[2](#Fn2){ref-type="fn"} Crucially, the value of *p* is the same for all pairs of alternatives. The Condorcet random model generalizes the uniform random model, since the latter can be obtained from the former by taking $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in \omega (1/n)$$\end{document}$. The same authors show furthermore that this bound is tight, that is, the statement no longer holds if $\documentclass[12pt]{minimal}
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Although the Condorcet random model addresses the issues raised above with regard to the uniform random model, it is still rather unrealistic for two important reasons. Firstly, in tournaments in the real world, the orientation of different edges are typically determined by different probabilities. For instance, in a sports tournament the probability that a very strong team beats a very weak team is usually higher than the probability that a moderately strong team beats a moderately weak team; a similar phenomenon can be observed in elections. Secondly, even though one can roughly order the alternatives in a tournament according to their strength, it is often the case that not all probabilities of the orientation of the edges respect the ordering. Indeed, this precisely corresponds to the notion of "bogey teams"---weak teams that nevertheless frequently beat certain supposedly stronger teams. Given the limitations of the uniform random model and the Condorcet random model, it is natural to ask whether previous results continue to hold under more general and realistic models of random tournaments, or whether they break down as soon as we move beyond these restricted models.

In this paper, we show that a number of tournament solutions, including the top cycle and the uncovered set, still choose all alternatives with high probability under a significantly more general model of random tournaments. Unlike the Condorcet random model, our model does not rely on an ordering of the alternatives. Instead, the orientation of each edge is determined by probabilities within the range $\documentclass[12pt]{minimal}
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                \begin{document}$$[p,1-p]$$\end{document}$ for some parameter *p*, and these probabilities are allowed to vary across edges. The only substantive assumption that we make is that the orientations of different edges are chosen independently from one another. Under this model, which is more general than both the uniform random model and the Condorcet random model, we establish in Sect. [3](#Sec4){ref-type="sec"} that the top cycle almost never rules out any alternative as long as $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in \omega (1/n)$$\end{document}$, thus generalizing the result by Łuczak et al. ([@CR17]). We also show that our bound is asymptotically tight, and that analogous results hold for two other tournament solutions based on the set of Condorcet winners and losers as well. Moreover, we prove in Sect. [4](#Sec5){ref-type="sec"} that the uncovered set is likely to include the whole set of alternatives when $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in \omega (\sqrt{\log n/n})$$\end{document}$. This bound is again asymptotically tight, and the same holds for another tournament solution based on the uncovered set. Since the condition that the top cycle or the uncovered set chooses all alternatives have meaningful graph-theoretic interpretations---the top cycle is the whole set of alternatives if and only if the tournament is strongly connected,[4](#Fn4){ref-type="fn"} and the uncovered set fails to exclude any alternative exactly when all alternatives are *kings*[5](#Fn5){ref-type="fn"}---we believe that our results are of independent interest in graph theory and discrete mathematics. Finally, we complement our theoretical results with experimental data in Sect. [5](#Sec6){ref-type="sec"}.

Related work {#Sec2}
------------

The study of the behavior of tournament solutions in large random tournaments goes back to Moon and Moser ([@CR22]), who showed that the top cycle almost never rules out any alternative in a large tournament chosen uniformly at random. In fact, they proved a stronger statement that the probability that the top cycle excludes at least one alternative is inverse exponential in the number of alternatives; the estimate was later made more precise by Moon ([@CR21]) in his seminal book on tournaments. Bell ([@CR3]) also considered the top cycle but assumed that tournaments are generated from the preferences of a large number of voters, each with a uniform random ranking over the alternatives; he likewise found that the top cycle selects all alternatives with high probability under this assumption. Fey ([@CR9]) and later Scott and Fey ([@CR27]) established results on several tournament solutions including the uncovered set, the Banks set, the Copeland set, the minimal covering set, and the bipartisan set using the uniform random model. While the uncovered set, the Banks set, and the minimal covering set are likely to include all alternatives in a large random tournament, the same event is unlikely to occur for the Copeland set. On the other hand, the bipartisan set chooses on average half of the alternatives in a random tournament of any fixed size (Fisher and Ryan [@CR10]); it is the unique most discriminating tournament solution satisfying standard properties proposed in the literature (Brandt et al. [@CR6]).

The discriminative power of tournament solutions has also been investigated empirically by Brandt and Seedig ([@CR7]). Building on the observation that the distributions of real-world tournaments are typically far from uniform, these authors examined the behavior of eleven common tournament solutions on tournaments generated according to stochastic preference models and empirical data. The stochastic models that they used include the impartial culture model, the Mallows mixtures model, and the Pólya--Eggenberger urn model. They reported that under these more realistic models, most tournament solutions are in fact much more discriminating than the analytical results for uniform random tournaments suggest.

Preliminaries {#Sec3}
=============
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                \begin{document}$$A=\{a_1,a_2,\ldots ,a_n\}$$\end{document}$ of alternatives and a dominance relation. The dominance relation is an asymmetric and connex binary relation on *A* represented by a directed edge between each unordered pair of distinct alternatives in *A*. We say that alternative $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$a_j$$\end{document}$. An alternative is said to be a *Condorcet winner* if it dominates all of the remaining alternatives, and a *Condorcet loser* if it is dominated by all of the remaining alternatives. We extend the dominance relation to sets and say that a set $\documentclass[12pt]{minimal}
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                \begin{document}$$a''$$\end{document}$. A tournament is commonly interpreted as the outcome of a round-robin sports competition and as the majority relation of an odd number of voters with linear preferences. In the former interpretation, alternative $\documentclass[12pt]{minimal}
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                \begin{document}$$a_j$$\end{document}$ in the competition. In the latter interpretation, the same dominance relation signifies that more than half of the voters prefer $\documentclass[12pt]{minimal}
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We are interested in tournament solutions, which are functions that map each tournament to a nonempty subset of its alternatives, usually referred to as the *choice set*. Two simple tournament solutions are $\documentclass[12pt]{minimal}
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                \begin{document}$$ COND $$\end{document}$, which chooses a Condorcet winner if one exists and chooses all alternatives otherwise,[6](#Fn6){ref-type="fn"} and the set of *Condorcet non-losers* ($\documentclass[12pt]{minimal}
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                \begin{document}$$ CNL $$\end{document}$), which consists of all alternatives that are not Condorcet losers. Other tournament solutions considered in this paper are the following:The *top cycle* ($\documentclass[12pt]{minimal}
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                \begin{document}$$ TC $$\end{document}$) is the (unique) smallest set of alternatives such that all alternatives in the set dominate all alternatives not in the set;The *uncovered set* ($\documentclass[12pt]{minimal}
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                \begin{document}$$ UC $$\end{document}$) consists of all alternatives that can reach all other alternatives via a domination path of length at most two[7](#Fn7){ref-type="fn"};The *iterated uncovered set* ($\documentclass[12pt]{minimal}
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                \begin{document}$$ UC ^\infty $$\end{document}$) is the result of iteratively computing the uncovered set until there is no further reduction.The inclusions $\documentclass[12pt]{minimal}
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                \begin{document}$$ TC (T)\subseteq COND (T)$$\end{document}$ hold for any tournament *T*.

Next, we describe the random model for generating tournaments that we consider in this paper, which we call the *general random model*. In this model, for each pair of distinct alternatives $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{j,i}=1-p_{i,j}$$\end{document}$, independently of other pairs of alternatives. Several models for generating random tournaments considered in previous work are special cases of our model. For example, the *uniform random model* (Fey [@CR9]; Scott and Fey [@CR27]) corresponds to taking $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{i,j}=1/2$$\end{document}$ for all *i*, *j* in the general random model. The *Condorcet random model* (Frank [@CR11]; Łuczak et al. [@CR17]; Vassilevska Williams [@CR30]; Kim et al. [@CR14]) corresponds to taking $\documentclass[12pt]{minimal}
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                \begin{document}$$i<j$$\end{document}$ in the general random model, for some fixed value of *p*. Following standard terminology, we say that an event occurs "with high probability" or "almost surely" if the probability that the event occurs converges to 1 as *n*, the number of alternatives, goes to infinity.

We end this section by listing some standard tools for deriving probabilistic bounds. Our first lemma is the Chernoff bound, which gives us an upper bound on the probability that a sum of independent random variables is far away from its expected value.

Lemma 1 {#FPar1}
-------
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                \begin{document}$$X_1,X_2, \dots , X_r$$\end{document}$ be independent random variables that take on values in the interval \[0, 1\], and let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Pr [S \ge (1 + \delta )\mathbb {E}[S]] \le \exp {\left( \frac{-\delta ^2\mathbb {E}[S]}{3}\right) }. \end{aligned}$$\end{document}$$
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                \begin{document}$$1+x$$\end{document}$ from above and below.

Lemma 2 {#FPar2}
-------

(Bernoulli's inequality). For all real numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (1+x)^r \ge 1+rx. \end{aligned}$$\end{document}$$

Lemma 3 {#FPar3}
-------

For all real numbers *x*, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1+x\le e^x$$\end{document}$.

Top cycle {#Sec4}
=========

In this section, we consider the top cycle. We show that when each probability $\documentclass[12pt]{minimal}
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                \begin{document}$$ CNL $$\end{document}$. We also show that our results are asymptotically tight---for all three tournament solutions, the statement ceases to hold if $\documentclass[12pt]{minimal}
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                \begin{document}$$f(n)\in O\left( 1/n\right) $$\end{document}$ (Theorem [2](#FPar12){ref-type="sec"}).

We begin with our main result of the section.

Theorem 1 {#FPar4}
---------
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Theorem [1](#FPar4){ref-type="sec"} generalizes a result by Łuczak et al. ([@CR17]) that establishes the claim for the case where $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{i,j}$$\end{document}$, implying that its maximum is attained when all variables take on a value at one of the two boundaries of their domain. Using a number of helper lemmas (Lemmas [4](#FPar6){ref-type="sec"}, [5](#FPar8){ref-type="sec"}, and [6](#FPar9){ref-type="sec"}), which include an interesting combinatorial extension of Karamata's inequality (Lemma [5](#FPar8){ref-type="sec"}), we show that the sum is in fact maximized when all variables take on a value at the *same* boundary (i.e., when the tournament is generated by the Condorcet random model). This allows us to bound the sum directly by plugging in the value at a boundary and complete the proof.
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Definition 1 {#FPar5}
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When one vector majorizes another vector, Karamata's inequality allows us to compare the sum of an arbitrary convex function at the components of one vector to the corresponding sum of the other vector.

Lemma 4 {#FPar6}
-------
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We next show that if one vector majorizes another vector, then an analogous statement holds for the two vectors that arise from taking the sum of all subsets with any fixed number of components of the original vectors.

Definition 2 {#FPar7}
------------

Let *n* be a positive integer and $\documentclass[12pt]{minimal}
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Lemma 5 {#FPar8}
-------
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For the sake of continuity, we leave the proof of Lemma [5](#FPar8){ref-type="sec"} along with that of the next lemma to the appendix.

Our final lemma shows that the outdegree vector of a transitive tournament majorizes the corresponding vector of any tournament. Given a tournament *T* and alternative *a* in the tournament, denote by $\documentclass[12pt]{minimal}
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Lemma 6 {#FPar9}
-------

Let *W* be a transitive tournament on alternatives $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (\deg _W(d_1),\deg _W(d_2),\dots ,\deg _W(d_n))\succ (\deg _U(b_1),\deg _U(b_2),\dots ,\deg _U(b_n)). \end{aligned}$$\end{document}$$

With Lemmas [4](#FPar6){ref-type="sec"}, [5](#FPar8){ref-type="sec"}, and [6](#FPar9){ref-type="sec"} in hand, we are now ready to prove Theorem [1](#FPar4){ref-type="sec"}.

Proof of Theorem 1 {#FPar10}
------------------
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Corollary 1 {#FPar11}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:\mathbb {Z}^+\rightarrow \mathbb {R}_{\ge 0}$$\end{document}$ be a function such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)\le 1/2$$\end{document}$ for all *n* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)\in \omega \left( 1/n\right) $$\end{document}$. Assume that a tournament *T* is generated according to the general random model, and that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_{i,j}\in \left[ f(n),1-f(n)\right] \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\ne j$$\end{document}$. Then with high probability, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ COND (T)= CNL (T)=A$$\end{document}$.
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Theorems [1](#FPar4){ref-type="sec"} and [2](#FPar12){ref-type="sec"} and Corollary [1](#FPar11){ref-type="sec"} allow us to obtain the following corollary on the Condorcet random model.

Corollary 2 {#FPar14}
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Theorem 3 {#FPar15}
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Uncovered set {#Sec5}
=============

In this section, we turn our focus to the uncovered set. We show that when each probability $\documentclass[12pt]{minimal}
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Our first result of the section shows that $\documentclass[12pt]{minimal}
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Since the uncovered set is the finest tournament solution satisfying the axioms of Condorcet consistency, neutrality, and expansion (Moulin [@CR23]), Theorem [4](#FPar17){ref-type="sec"} implies that any tournament solution that satisfies these three axioms also selects all alternatives with high probability when the tournament is generated according to the assumptions of the theorem.
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Theorem 5 {#FPar19}
---------

Assume that a tournament *T* is generated according to the general random model, and that$$\documentclass[12pt]{minimal}
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Proof {#FPar20}
-----
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Proof of Claim: {#FPar21}
---------------
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Corollary 3 {#FPar22}
-----------
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Theorems [4](#FPar17){ref-type="sec"} and [5](#FPar19){ref-type="sec"} and Corollary [3](#FPar22){ref-type="sec"} allow us to obtain the following corollary on the Condorcet random model.

Corollary 4 {#FPar23}
-----------
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Experiments {#Sec6}
===========

To complement our theoretical results, in this section we investigate the asymptotic behavior of random tournaments according to the Condorcet random model as well as another more realistic model that we call the *gap model*.

Condorcet random model {#Sec7}
----------------------

Starting from a set of alternatives $\documentclass[12pt]{minimal}
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Gap model {#Sec8}
---------

As we explained in the introduction, while the Condorcet random model is commonly used in theoretical analyses, it does not properly capture tournaments in the real world since it assigns the same probability to all edges regardless of the difference in strength between the two alternatives adjacent to that edge. We next consider a different model, which we call the *gap model*, that takes this issue into account.

Like in the Condorcet random model, in the gap model there is a linear order of alternatives from strongest to weakest as well as a parameter $\documentclass[12pt]{minimal}
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We now make some observations. Firstly, in Fig. [2](#Fig2){ref-type="fig"}b, we find that for $\documentclass[12pt]{minimal}
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Conclusion {#Sec9}
==========

In this paper, we investigate the behavior of a number of tournament solutions in large random tournaments under a general probabilistic model. We establish tight asymptotic bounds on the boundary of the probability range for which each tournament solution is unlikely to exclude any alternative. In particular, we illustrate a difference between the discriminative power of the top cycle and the uncovered set; this difference is not evident in previous studies that focused on more restricted models. Indeed, while both tournament solutions include all alternatives with high probability in the uniform random model, our results suggest that the uncovered set is in fact considerably more discriminative than the top cycle.

Our work leaves many interesting open questions for future study. A natural next step would be to investigate the asymptotic behavior of other tournament solutions that have been previously studied in the uniform random model---including the Banks set (Fey [@CR9]), the minimal covering set (Scott and Fey [@CR27]), and the bipartisan set (Fisher and Ryan [@CR10])---using our general probabilistic model. For instance, it is conceivable that the approach used by Fey ([@CR9]) to show that the Banks set almost never rules out any alternative in the uniform random model can be extended to establish an analogous statement when each edge probability is drawn from some constant range. It is not clear, however, whether the approach would still work if we allow the range to depend on the number of alternatives in the tournament like we do in the current work.

From a broader point of view, we believe that an important direction is to apply our model to other tournament problems beyond those concerning tournament solutions, for example the problem of finding a dominating set of minimum size. It is well-known that a dominating set of size at most $\documentclass[12pt]{minimal}
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A. Appendix {#Sec10}
===========

A.1. Proof of Lemma [5](#FPar8){ref-type="sec"} {#Sec11}
-----------------------------------------------

Before we prove the lemma, we first give a characterization of when one vector majorizes another. To this end, we define the notion of an equalizing move, which involves taking two components of a vector and bringing them "closer together".

### Definition 3 {#FPar24}
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For a thorough treatment of tournament solutions, we refer the reader to excellent surveys by Laslier ([@CR16]) and Brandt et al. ([@CR5]).

By symmetry, we may assume without loss of generality that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\le 1/2$$\end{document}$.

For two functions *f*(*n*) and *g*(*n*) taking on positive real numbers, we say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)\in O(g(n))$$\end{document}$ if there is a positive real number *c* and a positive integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)\le cg(n)$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n> n_0$$\end{document}$. We say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)\in \omega (g(n))$$\end{document}$ if for every positive real number *c*, there exists a positive integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)>cg(n)$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n> n_0$$\end{document}$. See Cormen et al. ([@CR8]) for more on asymptotic notations.

A strongly connected tournament is also said to be *strong*. Strong connectedness is equivalent to *irreducibility* and to the property of having a Hamiltonian cycle (Moon [@CR21]).

A *king* is an alternative that can reach any other alternative via a directed path of length at most two (Maurer [@CR18]). Therefore, all alternatives of a tournament are kings if and only if every pair of alternatives can reach each other via a directed path of length at most two. Such a tournament has been studied in graph theory and called an *all-kings tournament* (Reid [@CR24]).

Note that the set of Condorcet winners is not a tournament solution because it can be empty.

This is known in graph theory as the set of *kings* (cf. Footnote 5). An alternative definition, which is also the origin of the name "uncovered set", is based on the *covering relation*. An alternative $\documentclass[12pt]{minimal}
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Our setting is slightly different for the last two values of *p*, as we explain later in this section.
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A result of this flavor has been shown by Kim et al. ([@CR14]) in the context of single-elimination winners.
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